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Kinetic theory at order 1/N2

Collisional dynamics

W = (qa p)

Phase space

N
Total Hamiltonian H = Z nm Uext(Wi)
=1

Scali _ Mtot, 1
caling m = N N<<1
Plasma
U, = v/2
U=1/|x—-X|

w=(X,V)
F=F(v,1)

N
Z m? U(w,, W)
i<j
Galaxy
U, =V/2
U=-G/|x—-X|
w=(0,J)

F=FJ.1)



Kinetic theory at order 1/N2

Balescu-Lenard equation

Homogeneous Balescu-Lenard equation U = 1/| K[
OFtv) 1 0 [ Ui |”

( ) _ . dkdeV/ 5D[k(V _ V,)] ‘ kk‘ .
ot N ov || | e (K-V) |

X (k- 9 k- 0 )F( ) F( ’)]
ov ov’ WA



Kinetic theory at order 1/N2

Balescu-Lenard equation

Homogeneous Balescu-Lenard equation U = 1/| K[

0F(v) B 1 o
of N ov

| ndkkJ’dV,(SD[k.(v — V)] | Ukk\Z 2
] | e (K-V) |

X (k- 9 k- 0 )F( ) F( ’)]
ov ov’ WA

Inhomogeneous Balescu-Lenard equation

Orbital frequencies Dressed coupling

1Y deJ’(SD[k-Q(J) - K- QU] | U J, 1) 17
e

OFJ) 1 0
ot N 0]

X (k- 0 k- 0 )F(J)F(J)
0J 0J’




Kinetic theory at order 1/N2

Short notations and 1D

Inhomogeneous Landau equation

oF(J 1 0 0
3 [Zkl 4, | Uy ) 8 (K sz)k-a—JF2<J>]

or N aJ

Two-body interactions

= (J1,); Q= (Q[J], Q[J;]);
= (k;, — ky); F>r(J) = F(Jy) F(J,)

Interaction potential
Bare coupling coefficients

U(W, W,) — Z Uk( ], J/) eik(e—e’)



Kinetic theory at order 1/N2

Collective effects

Inhomogeneous Balescu-Lenard equation
oF(J) 1 0
or N dJ

. 0
Zkl dJ; | UL * 8p(k-Q) k- 5D

J — (]3]1)3 k = (kl, _ kl)a Fz(J) - F(])F(Jl)
Dressed interactions

| U, (D> = [ULFID |

Dynamical temperature

U(J) G

d
U(J) x G Ul e 5 %16

Dressed coupling

Bare coupling

Dynamically hot limit Relaxation time

G—-0 Trelax X Tdyn N/ G2



Kinetic theory at order 1/N2

1/N kinetic blocking
1/N kinetic equation

OFJ) 1 0
o N oJ

aJ

J=U,J); k=, —k), F,J)=FU)F(,)

0
[Z kIJdJI | UL |? 3p (k-Q) k-—Fz(J)l
ky

Monotonic frequency profile Local resonances

J = Q(J) monotonic k-Q=0 = kQJ)=kQ(J) = Ji=J

Vanishing of the crossed term  Vanishing of the flux

0 oF(J) 1
k-—F,()=0 = — %0
0J 2(J) ot N %

This is a kinetic blocking



Kinetic theory at order 1/N2

1/N kinetic blocking
1/N kinetic equation

OFJ) 1 0
o N oJ

aJ

J=U,J); k=, —k), F,J)=FU)F(,)

0
[Z kIJdJI | UL |? 3p (k-Q) k-—Fz(J)l
ky

Monotonic frequency profile Local resonances

J = Q(J) monotonic k-Q=0 = kQJ)=kQ(J) = Ji=J

The blocking occurs whatever

U(w, W) F(J) UMD 7, U |7

Interaction potential (Stable) DF Hot/Cold limit



Kinetic theory at order 1/N2

How to derive

a 1/N2 kinetic equation?




Kinetic theory at order 1/N2

How to derive

a 1/N kinetic equation?
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Kinetic theory at order 1/N2

Balescu-Lenard from BBGKY
N identical particles of massm=M,, /N in phase space W;=(q;, P;)

Total Hamiltonian

N 3D self-gravitating systems
)
Hy= Y m ext(w)+zm U(w,, W) Uewy = v*12
, U=-G/|x—x|
= 1<j

System characterised by the N-body PDF  Pp(Wy, ..., Wy, [)

Continuity equation in phase space

P, 0
| P = ()
ot Zaw (N )

l

Exact Liouville equation
0Py
ot

- Py Hy) =

Poisson bracket 11



Kinetic theory at order 1/N2

BBGKY hierarchy

Reduced DFs

N!
F(W,...,W_,t)=m" R den+1...dwNPN(w1, ey Wa, 1)

BBGKY hierarchy

oF,
Y | [Fna Hn]n + JdeH [Fn+1a 5Hn+1]n =0

With

n n
H, = Z Uexe(W;) + Z m U(W;, W.i) Isolated n-body system
=1

1<J

n
5Hn+1 — Z U(Wb Wn+1) Interactions with (n+1)
i=1
12



Kinetic theory at order 1/N2

BBGKY at 1/N

Cluster representation

{FQ(W, w') = Fi(w) Fi(w') Go(W, W)

—
FOLWLW) = G

Truncation at order 1/N: 2 dynamical quantities

F(w,1) 1-body DF

G(w,w', 1) 2-body correlation
BBGKY - 1

oF , ,
> | [F’HO]W+JdW [G, U(W,W)]W=O
BBGKY - 2

aG /! / /! /!
Y | [G,HO]W+ de G(w',w") [F(W), Uw,w )]W

+m |[F(w) F(w"), Uw,w)|_+(Wew) =0

13



Kinetic theory at order 1/N2

BBGKY - 1

(Zj | [F, HO]W + de’ [G, U(w, W’)]W = ()

:F, Ho] Mean-tfield advection
A%

dW’[G, U(w, W’)]W Collision term

BBGKY - 2

a(;t; HG H| + | dw" G(w', w") [F(w), Uw, w")]|

+m |F(w) F(w'), U(w, w’)]w +(wWow)=0

:G»Ho]w Mean-field advection

dw” G(W', w") [F (W), U(w, W")] w Collective effects

m [F(w) F(w'), U(W. W’)]W 1-body DF sourcing

14



Kinetic theory at order 1/N2

How to solve BBGKY

Adiabatic approximation
i.e. evolution along quasi-stationary states

F=FJ,0 ; Hy=HyJ,0) = [FJ),HD| =0

. . Mean-tield equilibrium
Timescale separation

0G

5 I [G’HO]W_l_("') =0 TGszyn
— = — de’ [G, U(w, W’)]
ot w

Collision operator

Bogoliubov’s Ansatz

oG oF
— = BBGKY, [F — cst, G] — = BBGKY, [F, G(t— + 00)]

15



Kinetic theory at order 1/N2

How to derive

a 1/N2 kinetic equation?

16



Kinetic theory at order 1/N2

How to derive

a 1/N2 kinetic equation
in the hot limit?

17



Kinetic theory at order 1/N2

BBGKY at order 1/N2
Describing the system
F(w,) x 1 Gy(W{, W,) « 1/N G4(W,, W,, W3) o 1/N?
1-body DF 2-body correlation 3-body correlation

Correlation splitting
G, =L+ L Gg? |
P N o) N2 o) Rocha-Filho+2015
Neglecting collective effects

J'dWS Gz(l)(WZ, W3) U(Wl’ W3) — () Hot limit

Neglecting dynamically cold terms
G{"x GV - 0 in 0Gs3/dt  Hotlimit

18



Kinetic theory at order 1/N2

A well-posed hierarchy
Solving in sequence

oG"
S [G(l),HO] = S[F] (2 termsin the rhs)
ot
0G, 0 |
Py | [G3,HO] = S| F, G2 ] (24 terms in the rhs)
0G?)
(3? [G(z), HO] = S[F, G;] (2termsin the rhs)
oF 2) |
E = C[G2 ] (4 terms in the rhs)

After re-injecting and expanding all the derivatives

~1,000 terms

19



Kinetic theory at order 1/N2

Simplifying the collision operator

Interaction potential Monotonic frequency profile

Uw,w) = ) U, J) ek J - QW)
k

Large time limit

Iim

rl

dr' =% = 78, (wg) + i@(i)
R

[—>+00

0 Wr

Number of terms keeps growing: ~10,000 terms

Do NOT perform these calculations by hand!

Using a custom grammar in Mathematica

20



Kinetic theory at order 1/N2

Simplifying the collision operator

Typical shape

OF(J) 0

— dJ,dJ, ...
ot ()led e
ky.ky )

Relabellings
ki k= wg = (k+k)QIJ] — QL] — kQ[,]

Integration by parts Scaling relations

6y = Opy 05F — 0, F Splawg] = Splwrl/| al

Monotonic frequency profile

dJ, fJ1, Jy) op(QlJ,] = Q5] = (U, I/ QT4

21



Kinetic theory at order 1/N2

Final equation

1D 1/N2 inhomogeneous Landau equation

aF(J) [ ki+k, i dJ,
27 m — > 2<@ 4
ot S ik +k)? ) QL] - QL)

0
X dez Ui, (J) oplk-Q] k‘a F3(J)

The DF appears three times
Y= (/11 h): F3)=FU)FU)F(J,)

Three-body resonances

k = <k1+k2, — kl’ — kz), () = (Q[J], Q[Jl]a Q[J2]>

22



Kinetic theory at order 1/N2

Short notations

1/N inhomogeneous Landau equation

aF(J) 1 o 0
o N d][zkl dJ, | Uy ()] 5D(k Q)ka—JFz(J)]

J=U.J)); k=(k,—k);, F,J)=FU)F(,)

1/N2 inhomogeneous Landau equation

OF(J) 1 0
ot  N24J

Z (k,+k,) Jd]ldfz | Ay % 6 (k- Q) k- — 3(J)]
kl k2
J=U,J, ), K=k +ky, — ki, —ky)); F5(J)=FU)F(J)F(J,)

The two equations are strikingly similar
23



What are the
properties of the 1/N2
kinetic equation?




Kinetic theory at order 1/N2

Coupling coefficient
Kinetic equation

oF(J ) [ 1k, J dJ,
2mim*— P
ot ky.k, kz(k1+k2)2 QL] -/ D?

X Jd][k -QJ k- —F3(J)l

J=U,J,h); K=k +ky, — ki, —ky)); F5(J)=FU)F(J,)F(J,)

Interaction potential

Uw,w) = Y UlJ,J] ek

Coupling coefficient

o) = [(QU1-01) 20 1)+ ks 22 0D

25



Kinetic theory at order 1/N2

Coupling coefficient
Three-body coupling

o) = [(QU1-01) 20) ) + k22, I

Two parts
%2}@0 ) = ky(k;+k)) {Ukl+k2(J, 1) 0, U (U1, Jy) — Uy (J, 1) 0,U, (J, J)}
+ky(k +ky) { Uy (J,J)) 0,U, (J, ) — Uy 1 (1. J)) 0, Uy (U, 1)}
—kk; {Ukz(*,l’ Jp) 511Uk1+k2(]a Jp) — Ukl(fla Jp) aJZUk1+k2(J’ ]2)}

U () = (k +k)£U JLJ)U, (J,J,)

k1k2 — 1 2 dJ kl ? 1 k2 ? 2
(9
—k; a7 Ust, s JD) U (U1, )

(9
—ko = U Ui ) Ui, Js o)

dJso
26



Kinetic theory at order 1/N2

Conservation laws

M(1) =
P(t) =
E@) =

Coupling amplitude

U() xG

Bare coupling

Relaxation time

Properties
|dTF(J, 1) (total mass)
dJJF(J, 1) (total momentum)

'dJHy(J)F(J,1) (total energy)

oF 1
A D) « | UMD | — = [ AD) |

Three-body resonances o .
Kinetic equation

I

relax

X TdynNz/G4

27



Kinetic theory at order 1/N2

Well-defined

High-order resonant denominator

ok del KU, J,)
ot Q[J] - Q[ )*

K(Q, Q)
(Q— Q)

X @JdQl

Symmetrisation using fundamental resonances
K(Q, Q+5Q) =0 [(5@)3] Most deft calculation

Principal value is well-defined

K(Q, Q) dsQ
P |dQ, ~ P

Q-Q)* 5Q

28



Kinetic theory at order 1/N2

H-Theorem

Boltzmmann entropy

S(t) = — Jd]s[F(J, H| with s(F) = FIn(F)

Rate of entropy growth

FU) _ FU) _, FU }2

ds$ 2
— o 3plk-Q] [ A(D)| {<k1+kz> FO) 'FUY Ry

H-Theorem

dsS
dr

29



Kinetic theory at order 1/N2

Steady states

Boltzmann DF

OF
Fa(J) x e PRI+ — d_tB x — 5,[k-Q] (k-Q) =0

30



Kinetic theory at order 1/N2

Steady states
Boltzmmann DF
—BH(J)+yJ] ol'g
Fg(J) ox e 70T e Yy x — foplk-Q2] (k-€2) =0

Constraint from H-Theorem

FU) _ FUY F'@}2

dsS 2
— o Gplk-Q] | Ay | {<k1+kz> FUY YFU) 2R

Line constraint (with a non-vanishing coupling)

k1£21+k2£22> -k G(Q)+k,G(Qy)
ki+k, B ki+k,

G = LD VQ,, Q,: G(
F(JIQ])

Recovering the Boltzmann DF
F'(J)

— _ —pHy(J)+yJ
) = PNy S U« /

31



Kinetic theory at order 1/N2

Does it match with

N-body simulations?

32



Kinetic theory at order 1/N2

Does it work?
Spin dynamics

N N
H=Y mUyw)+ Y mUw.w)  "®
i=1 i<j n

Interaction potentlals Classical Heisenberg spins

AN\ 2
U, (W) (n- z) ; Uw,w)xn-n’
Dynamics on the unit sphere T QO

, oH
n=—Xn
on

Simulations using rotations n® .- .
n| =1 n

33



Kinetic theory at order 1/N2

Diffusion flux

—-1.0

Does it match?

oF 0
— =—F()
o0 dJ

7 (J,t=0)/m=[x 10°]

N — N-body

— Prediction
J \ .

-0.5 — IOI 1.0
/

o

=~ 5L 34




Kinetic theory at order 1/N2

Can one block

the 1/N2 relaxation?

35



Kinetic theory at order 1/N2

Second-order kinetic blocking
Constraint from the H-Theorem

ds F()  FU) | FU)\’
@ © %[k'g](kﬁkz) Fo) Fa) F(Jz)}

Killing three-body resonances

Vi, kyo 0y | A i (DT ) |2 = 0

Simple frequency profile
QJ] x J

Second-order kinetic blocking

+00
Uw, W) x |J— J’\“Z |k1|a COS [k(@ — 6”)]
k=1

36



Kinetic theory at order 1/N2

Second-order kinetic blocking
Constraint from H-Theorem

ds F()  FU) | FU)\’
o < ool m(kl”‘z) Fo) Fa) F(Jz)}

Killing three-body resonances

Vi, kyo 0y | A i (DT ) |2 = 0

Simple frequency profile
QlJ] xJ
Second-order kinetic blocking

Uw,w') x | J— J’\Z”an — Wy (6 — )

Bernoulli Angle
polynomial wrapping 37



Kinetic theory at order 1/N2

The B2 model

A nasty interaction

Uw,w) =G —J) B,[0—-0]

Bernoulli polynomial
Angular dependence

B[]
0.271

AN SRELT

—-0.1"

Hard to simulate, because not smooth at crossing

Fast to simulate, because (almost) polynomial-like
38



Kinetic theory at order 1/N2

How does

the B2 system relax?

39



Kinetic theory at order 1/N2

Relaxation time for the B2 model
Total Hamiltonian

N N
Hy= ) mUy W)+ ) m*Uw,w)
i=1 i<j

Interaction potential

Uw,w) =G —J)%B[0-0]

External potential Difterent frequency profiles

(D): Q) =J;
(2): Q) =J]J];
3): QUJ) = J;

QJ) = QU (/)

40



Kinetic theory at order 1/N2

Profile (1)

Frequency profile 1

Q(J) =|J| is non-monotonic

1/N Landau equation

oF(J) 1 0
or N aJ

0
[Zkljdfl | U (D 5p(k-Q) k- aFQ(J)

J=U,J); k=, —k), F,J)=FU)F(,)

Non-local resonances Relaxation time (hOt ||m|t)

kQ=0 = J, #J TrelaxochynN/G2

41



Kinetic theory at order 1/N2

Profile (2)

Frequency profile Q(AJ)
Q(J) =J|J| is monotonic i/
> J
1/N dynamics
oF 1
k- Q=0 = Ji=J > —=—X0
o0 N
1/N2 dynamics
A 0 oF 1
| k(Jres)‘ 70 = F ﬁx

Relaxation time (hot limit)  Liop, & 1Lgyp N*/G*

42



Kinetic theory at order 1/N2

Profile (3)
Q(J)

Frequency profile

(Q(J) =J is monotonic and nasty

1/N dynamics

oF 1
kQ=0 = J,=J > —=—x0
o0 N
1/N2 dynamics
A _0 or 1 0
‘ k(Jres)‘ = E_ﬁx

What is the relaxation time?
43



Kinetic theory at order 1/N2

Relaxation of profile (3)

1/N2 inhomogeneous Landau equation

OFJ) 1 0 " , 0 '
= dJ,dJ, | A k- Q)k-—F
= d,[gd > | bk - D)k - 2Py

J=U,J,h); K=k +ky, — ki, —ky); F5(J) = FU)F(J,)F(J,)

1/N2 inhomogeneous Balescu-Lenard equation

| Ak(J) ‘2 —> ‘ Aﬁ[F] (J) ‘2 Intricate substitution

(but unknown)

Hot limit  ALLF1J) = A+ G’ AV[F1J) + 6(GY)

Relaxation time (hot limit)  Liop, & L4y N?/G®

44



Kinetic theory at order 1/N2

Four-body correlations?
Asymptotics of a hot 1/N3 kinetic equation

mU — GV - G - G - GY) - G¥ — oF /o

_ 1~y 1~y 1 ~3. _ 1~ 1 ~03. _ 1 ~®
G, = NG2 +N2G2 +N3G2 : G3_N2G3 +N3G3 , Gy = N3G4

Relaxation time for (hot) four-body interactions

T4—b0dy X Tdyn N3 / G6

relax

“Leaks” from dressed three-body interactions always dominate

T3—b0dy X Tdyn N2 / G6

relax

1/N83 effects never drive relaxation in the limit N >> 1
45



Kinetic theory at order 1/N2

Measuring relaxation times

Relaxation time w.r.t. N and G Frequency profiles
(1): Q) =J;
Fretax & Layn N1 G0 2): Q) =J1J|:
(3): Q) = J;

N-body measurements

Profile (1) — 68% o
2T — Profile (2) — 95% O @
| — Profile 3) — 99% °
YN ® Prediction .
1 -

Scaling
w.rt. N T

0

0 2 4 0 3
YG Scaling w.rt. G y



Kinetic theory at order 1/N2

Measuring relaxation times

Relaxation time w.r.t. N and G

T

relax

N-body mea

& Tayy NV /1 G76

surements

Proﬁlﬁ
2F — Profi

e (1) — 68%
e (2) — 95%

| — Profil

e (3) — 99%

YN ® Prediction

1 -
Scaling
w.rt. N T

Frequency profiles

(1): QUJ) = J;
(2): Q) =J|J];
3): QUJ) = J;

o ' I
@ No 1/N3 effects

0
0

6 3

YG Scaling w.rt. G

47



Kinetic theory at order 1/N2

Measuring relaxation times

An expected bias

Profile (1) — 68% o |
21 — Profile (2) — 95% Q @
 — Profile (3) — 99% °
YN ® Prediction .
1 L
> >

Scaling
w.rt. N [

0

0 2 4 6 3
YG Scaling w.r.t. G

Finite coupling amplitude

oF ., 1/ G\ G
— x| U« — x —
ot N\1-G/) G6>0 N

48



Kinetic theory at order 1/N2

Next steps

Collective effects

| A D = [ALFIWD) |

Klimontovich approach

Ot

x ( [6F, 5P| )

Large deviations

P({Fy®)},={F},) =

Marginal stability

1

ex(w)

> + 00

49



Kinetic theory at order 1/N2

Final equation

1D 1/N2 inhomogeneous Landau equation

aF(J) [ ki+k, i dJ,
27 m — > 2<@ 4
ot S ik +k)? ) QL] - QL)

0
X dez Ui, (J) oplk-Q] k‘a F3(J)

The DF appears three times
Y= (/11 h): F3)=FU)FU)F(J,)

Three-body resonances

k = <k1+k2, — kl’ — kz), () = (Q[J], Q[Jl]a Q[J2]>

50



